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LetN (β) be the subclass of analytic functions f (z),which satisfies the inequality
Re

zf ′′(z)
f ′(z)
+ 1

< β.
In this paper, we determine conditions on β such that the integral operators
 z
0
∏n
i=1
fi(t)
t
 1
αi dt and
 z
0

tefi(t)
γi dt will be in the classN (β).
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction and definitions
LetA denote the class of functions of the form:
f (z) = z +
∞−
n=2
anzn
which are analytic in the open unit disk U = {z : |z| < 1}. Further, by S, we shall denote the class of all functions in A
which are univalent inU. A function f (z) belonging to S is said to be starlike of order β if it satisfies
Re

zf ′(z)
f (z)

> β (z ∈ U)
for some β(0 ≤ β < 1). We denote by S∗
β
the subclass ofA consisting of functions which are starlike of order β inU. Also
a function f ∈ A is said to be in the classRβ iff
Re

f ′(z)

> β, (z ∈ U)
for some β(0 ≤ β < 1).
LetN (β) be the subclass ofA, consisting of functions f (z), which satisfies the inequality
Re

zf ′′(z)
f ′(z)
+ 1

< β (β > 1, z ∈ U).
The classN (β)was introduced and studied by Uralegaddi et al. in [1] and Owa and Srivastava in [2].
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Frasin and Jahangiri in [3] introduced and studied the family B(µ, β), µ ≥ 0, 0 ≤ β < 1, consisting of functions f (z),
which satisfies the conditionf ′(z) zf (z)
µ
− 1
 < 1− β (z ∈ U). (1.1)
The familyB(µ, β) is a comprehensive class of analytic functions which includes various new classes of analytic univalent
functions as well as some very well-known ones, for example, B(1, β) ≡ S∗
β
, and B(0, β) ≡ Rβ . Another interesting
subclass is the special caseB(2, β) ≡ B(β)which had been introduced by Frasin and Darus [4].
The main objective of this paper is to determine the conditions on β such that the integral operators
 z
0
∏n
i=1

fi(t)
t
 1
αi dt
and
 z
0

tefi(t)
γi dt will be in the classN (β). Several corollaries and consequences of the main results are also considered.
In order to derive our main results, we have to recall here the following lemma.
Lemma 1.1 ([5] Schwarz Lemma). Let the analytic function f (z) be regular in the unit diskU, with f (0) = 0. If |f (z)| ≤ 1, for
all z ∈ U, then
|f (z)| ≤ |z| , z ∈ U
and equality holds only if f (z) = εz, where |ε| = 1.
2. Main results
Theorem 2.1. Let the functions fi(z) ∈ A for all i = 1, n be in the class B(µ, β), µ ≥ 1, 0 ≤ β < 1. If |fi(z)| < Mi (Mi ≥
1), z ∈ U then the integral operator
Fα1,...,αn(z) =
∫ z
0
n∏
i=1

fi(t)
t
 1
αi
dt (2.1)
is inN (γ ), where
γ =
n−
i=1
1
|αi| ((2− β)M
µ−1
i + 1)+ 1
and
∑n
i=1
1
|αi| ((2− β)M
µ−1
i + 1) > 0, αi ∈ C− {0}, for all i = 1, n.
Proof. Define the function Fn(z) by
Fn(z) =
∫ z
0
n∏
i=1

fi(t)
t
 1
αi
dt.
Then a computation shows that
zF ′′n (z)
F ′n(z)
=
n−
i=1
1
αi

zf ′i (z)
fi(z)
− 1

. (2.2)
Thus, we have
Re

zF ′′n (z)
F ′n(z)
+ 1

= Re

n−
i=1
1
αi

zf ′i (z)
fi(z)
− 1

+ 1

<
n−
i=1
1
|αi|
 zf ′i (z)fi(z)
+ 1+ 1
=
n−
i=1
1
|αi|
f ′i (z) zfi(z)
µ


fi(z)
z
µ−1+ 1

+ 1. (2.3)
Since fi(z) ∈ B(µ, β) and |fi(z)| ≤ Mi, applying Schwarz Lemma, we obtain
Re

zF ′′n (z)
F ′n(z)
+ 1

<
n−
i=1
1
|αi|
f ′i (z) zfi(z)
µMµ−1i + 1+ 1
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<
n−
i=1
1
|αi|
[f ′i (z) zfi(z)
µ
− 1
+ 1Mµ−1i + 1]+ 1
<
n−
i=1
1
|αi| ((2− β)M
µ−1
i + 1)+ 1 = γ .
Therefore Fα1,...,αn(z) ∈ N (γ ). 
Letting µ = 1 in Theorem 2.1, we have
Corollary 2.2. Let the functions fi(z) ∈ A for all i = 1, n be in the class S∗β , 0 ≤ β < 1. If |fi(z)| < Mi (Mi ≥ 1), z ∈ U then
the integral operator defined by (2.1) is inN (γ ), where
γ =
n−
i=1
1
|αi| ((2− β)+ 1)+ 1
and
∑n
i=1
1
|αi| ((2− β)+ 1) > 0, αi ∈ C− {0}, for all i = 1, n.
Theorem 2.3. Let fi(z) ∈ A for all i = 1, n be in the classB(µ, β), µ ≥ 0, 0 ≤ β < 1. If |fi(z)| ≤ Mi (Mi ≥ 1), z ∈ U then
the integral operator
G(z) =
∫ z
0

tefi(t)
γi dt (2.4)
is inN (δ), where
δ =
n−
i=1
|γi| ((2− β)Mµi + 1)+ 1
and
∑n
i=1 |γi| ((2− β)Mµi + 1) > 0, γi ∈ C, for all i = 1, n.
Proof. From (2.4), we obtain
zG′′(z)
G′(z)
=
n−
i=1
γi(1+ zf ′i (z)).
Hence
Re

zG′′(z)
G′(z)
+ 1

= Re

n−
i=1
γi(1+ zf ′i (z))+ 1

<
n−
i=1
|γi| (|1+ zf ′i (z)|)+ 1
<
n−
i=1
|γi|

1+
f ′i (z) zfi(z)
µ  fi(z)z
µ |z|+ 1. (2.5)
Since fi(z) ∈ B(µ, β) and |fi(z)| ≤ Mi, we obtain
Re

zG′′(z)
G′(z)
+ 1

<
n−
i=1
|γi|

1+
f ′i (z) zfi(z)
µMµ−1i + 1
<
n−
i=1
|γi| ((2− β)Mµi + 1)+ 1 = δ.
So the integral operator G(z) is inN (δ). 
Letting µ = 0 in Theorem 2.3, we have
Corollary 2.4. Let fi(z) ∈ A for all i = 1, n be in the classRβ , 0 ≤ β < 1. If |fi(z)| ≤ Mi (Mi ≥ 1), z ∈ U then the integral
operator defined by (2.4) is inN (δ), where
δ =
n−
i=1
|γi| (3− β)+ 1
and
∑n
i=1 |γi| (3− β) > 0, γi ∈ C, for all i = 1, n.
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Letting µ = 1 in Theorem 2.3, we have
Corollary 2.5. Let fi(z) ∈ A for all i = 1, n be in the class S∗β , 0 ≤ β < 1. If |fi(z)| ≤ Mi (Mi ≥ 1), z ∈ U then the integral
operator defined by (2.4) is inN (δ), where
δ =
n−
i=1
|γi| ((2− β)Mi + 1)+ 1
and
∑n
i=1 |γi| ((2− β)Mi + 1) > 0, γi ∈ C, for all i = 1, n.
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